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In this project report, we start by reviewing a few topological notions for an inner prod-
uct space, and then move on to a discussion of orthonormal systems and orthonormal
bases in a Hilbert space. We encounter Bessel’s inequality, Parseval’s identity, and see
a proof of existence of an orthonormal basis for an arbitrary Hilbert space. Tensor
product of Hilbert spaces is also discussed, and a few of its properties obtained. In
particular, we derive a basis of the tensor product space and show that it is spanned by
simple tensors.

In the second part, representations of s[(2,C) are discussed. After reviewing a few
properties of Lie algebras, all finite dimensional irreducible representations of s[(2, C)
are characterised. We end with a result which gives a prescription for decomposing a
tensor product of representations of s[(2, C) into a direct sum of representations.

1 Hilbert Spaces

To state results for both real and complex vector spaces simultaneously, we shall use the
symbol F for the underlying field. IF could be understood to be R or C as appropriate.

.1 Inner Products

Definition 1 (Sesquilinear form). Let H be a vector space over F. A mapping s :
H x H — T is called a sesquilinear form on H if for every u,v,w € H and a,b € F
we have

s(an+bv,w)=as(u,w)+ bs(v,w), (1)
s(uyav+bw)=a"s(u,v)+ b*s(u,w). (2)

In case of a real vector space, s as defined above is a bilinear form.

A sesquilinear form s on H is said to be Hermitian if for every u,v € H we have
s(#,v) = s(v,u)*. A Hermitian bilinear form on a real vector space is said to be
symmetric as s(u,v) = s(v, u).

If s is a sesquilinear for on H, then the mapping g : H — [ defined by g(#) = s(u, )



for each # € H is called the guadratic form on H induced by s. Each quadratic form
q satisfies

glan)=s(an,an) =aa*s(u,n)=|al*q(u) foreveryn e Ha€F.  (3)

If s is a Hermitian sesquilinear form, and ¢ is the quadratic form induced by s, then
it is seen that g(#) € R for every u € H; q is real.
A Hermitian sesquilinear for is said to be non-negative when the quadratic form
induced by it is non-negative, i.c.,

q(u)=s(u,u)>0 for every u € H; (4)

it is said to be positive when

q(u)=s(u,u)>0 for all non-zero » € H. (s)

We now give the definition of an inner product using sesquilinear forms.

Definition 2 (Inner product). Let H be a vector space over F. An inner product on H
1s a positive, Hermitian, sesqm'lz'nmr form.

An inner product is denoted by (-, -).

Definition 3 (Inner product space). If H is a (real or complex) vector space and (-, -)
is an inner product on H, then the pair (H, -, -)) is called an inner product space o7 2
pre-Hilbert space.

Theorem 1 (Schwarz inequality). Let (H,(:,-)) be an inner product space. For every
u,v € H we have the Schwarz inequality

(i, 0)” < (u, ) (v, 2), (6)
with the equality bolding if and only if u and v are linearly dependent.
Proof. Letu,v € H. Forall t € R, we have

0<(u+tv,u+tv)=(u,u)+t{v,u)+t" (u,v)+ tz(v,v)
= (u,u)+2tRe(u,v) + tz(v,v), (7)

which is a second degree polynomial in ¢. Non-negativity implies that it either has no
root or a double root. For a polynomial at?+ bt + c, this holds when b2 —4ac <0,
and it follows that

4[Re(n,v)* —4{u,u){v,v) <0 => [Re(u,v)]* < (u,u)(v,v)% (8)
If we choose a € F such thata(x,v) =|(#,v)|, we have || = 1 and

|(u,v)|2 =[Rea(n,v)]* =[Relan,v)]
<Aau,an)(v,v) = |al*(n, u)(v,0) = (v,0) (u, u); (9)



the Schwarz inequality.

Now we consider the case when the equality |(#,v)|* = (x, #)(v, v) holds. Because
of this, the polynomial considered above has a double root, and we have 7, € R such
that (# + tyv, u + t,v) =0, i.e., u = —ty0.

Conversely, if # and v are linearly dependent, i.e., # = av for some a € IF, then

(2, 2)[* = |{a, 0)[* = (a2, v) (v,a0)

= (av,av)(v,v) = (u,u)(v,v). (10)

Definition 4 (Norm). A mapping p : H — R is called a normon H if for all u,v € H
and a € F we have

1. p(u)>0and p(u)=0 <= u =0.

2. plaun)=la|p(n), and

3. p(u+v) < p(u)+ p(v) (triangle inequality).
A norm is denoted by [|-].

Definition s (Normed space). If H is a (real or complex) vector space and ||-|| s an
inner product on H, then the pair (H,||-||) s called a normed space.

Schwarz inequality has the following straightforward application.

Proposition 1. If (H,(-,-)) is a (real or complex) inner product space, then ||u|| =
(u, %>1/2 defines a norm on H.

Proof. As the inner product is defined to be a positive sesquilinear form, it follows
that for every » € H, ||#|| > 0and ||#||=0 <= » =0.

Forany u € H,a € F, we have

||au||:(m4,au)l/2

= [Jaf (1,1
= fal o, ) 2

= |al[[x]]



For the triangle inequality, consider #,v € H and

ll#+ | = (4 + 0,1 + )
= (u,u)+2Re(u,v) + (v,v)
= ||| +2Re(w, 0) + o]
<l +2/(n, 0)| + o]
< ||l + 2l wlll[o]| + 1]
= ([l + =l

Schwarz inequality was used in the fifth line. O

1.2 Topological Notions

Definition 6 (Convergence). Let (H,||"||) be a normed space. A sequence (n,,) in H
is said to converge to w € H if, given arbitrary ¢ > 0, there exists N € N such that
||, — u|| < €, whenever n > N.

A sequence (#,,) is said to be convergent if there existsa # € H such that (#,,) converges
to . We recall that convergent sequences are bounded.

Definition 7 (Cauchy sequence). A sequence (u,,) is said to be a Cauchy sequence 7f,
given arbitrary € > 0, there exists N € N such that ||u,, — n,,|| < € whenever n,m > N.

Proposition 2. If(u,) is a Cauchy sequence, then the sequence (||u,,||) is convergent.

Proof. Let ¢ > 0 be given. Since (#,) is Cauchy, there exists N € N such that
||#,, — un,,|| < ¢ when n,m > N.

[ =l lll < [, =, < e (1)
Hence (||,,||) is a Cauchy sequence in R, and therefore converges. ]

Proposition 3. If (H,(-,-)) is an inner product space and (u,)) and (v,)) are Cauchy
sequences, then the sequence ((u,,v,)) is convergent.

Proof. Let € > 0 be given. Since (#,),(v,) are Cauchy, (||«,,||), (||v,||) are convergent
and therefore bounded. Let 0 < C < oo be such that ||v,||,||«,|| < C, for every
n € N. Since (#,,),(v,,) are Cauchy, there exists N € N such that||#,, — «,,|| < ¢/2C
and ||v, —v,,|| < €/2C, whenever n,m > N.

Finally, consider

%n’vn>_<um’vn> + (Mm’vn>_ <%m’vm>|

[{#5 0) = (s O )| = I
(”n - Mm’vn> + (Mm’vn _vm>|
(

< %n_%m>vn)|+|(um’vn_vm>|
€ €

<_.C+C-—:(, 12
2C 2C (12)



whenever m,n > N. ((u,,v,)) is a Cauchy sequence in R and therefore converges.

]

Note that if we take (v,)) to be a constant sequence with v, = v for every n € N, the
following result comes as a corollary.

Proposition 4. If H is an inner product space, v is an arbitrary element of H and
(n,,) is a Cauchy sequence, then the sequence ((n,,,v)) is convergent.

Definition 8 (Completeness). A normed space (H,||-||) is said to be complete if every
Cauchy sequence is convergent.

A complete normed space is called a Banach space. A complete inner product space is
called a Hilbert space.

In addition to sequences, the norm allows us to talk of open and closed subsets in .
Open balls in (H, ||-||) are defined in the usual way.

Definition 9 (Open ball). An open ball of radius r >0, centred at w € H is defined
as the set
B(u,r)={veH:||lv—ul||<r}. (13)

The collection of all open balls is a basis for the usual topology in H. With respect to
this topology, the notion of closed sets and closure of subsets is clear. Closure of a
subset A, denoted A4, is the collection of all limit points of A.

Theorem 2. Closure of a subspace of H is a subspace.
Proof. Let T be a subspace of H. Let #,v € T and let a, b € F. Since #,v are limit

points of T, there are sequences (#,,) and (v,,) which converge to # and v respectively.
It follows that

an+bv=alimu,+ blimv, =lim(an, + bv,). (14)
Since, au, + bv, € T, it follows thatau + bv € T. O

Theorem 3. A subspace T of a Banach (Hilbert) space H is closed if and only if T is a
Banach (Hilbert) space.

Proof. Assume that T is closed. If (#,,) is a Cauchy sequence in T', there exists # € H
such thatlim #,, = u, because H is complete. But, # is a limit point of 7" and since, by
hypothesis, T"is closed, #» € T. Hence, T is complete and therefore a Banach (Hilbert)
space.

Conversely, assume that 7" is a Banach (Hilbert) space. It # € T, then there exists a
sequence (#,) in T such that lim#, = u. As (u,)) is convergent in H, it is Cauchy,
and if it is Cauchy, it must converge in T, i.e., # € T. T is closed. ]

Another important topological concept is that of dense subsets.



Definition 10. Let A and B be subsets of a normed space H. The set A is said to be dense
relative to B if B C A holds. If, in addition, A C B, then we say that A is a dense subset
of B. If A is dense relative to H, then we say briefly that A is dense.

Definition 11. A subset A of a normed space is said to be separable if there exists a
countable subset B of A which is dense in A.

The finite dimensional space R” and C” are separable, as the set of vectors with rational
components is countable and dense.

Definition 12 (Span). Let B be a subset of an inner product space. The span of B,
denoted span B is the set of all finite linear combinations of elements of B.

Span of B is the smallest subspace of H containing B.

Definition 13. A set B is said to be total with respect to T if the span of B is dense
relative to T. The set B is said to be total in T if B C T and. it is said to be total if
T=H.

1.3 Orthogonality

Definition 14 (Orthogonal). Two elements of an inner product space are called or-
thogonal if their inner product vanishes.

We have the following simple result in context of inner product spaces.

Proposition s (Pythagoras’s theorem). If u and v are orthogonal elements of an inner
product space, then
2 2 2
[l + o[ =]l + []o]]". (15)

Proof. We have

i+ o = (1 0, +)
= (u,u)+(u,v) + (v,u)+(v,0)
=l + Il

as required. O

The above result can be generalised to a finite, set of mutually orthogonal elements of
an inner product space, i.e., A= {uy,...,u,} with (;, I/t]-> =0 wheneveri # ;. The
proof involves induction over 7.

Theorem 4 (Generalised Pythagoras’s theorem). Ifuy, ..., n, isa finite set of mutually
orthogonal elements of an inner product space, then the following result holds,

n
Z uj
j=1

2
” 2
:ZHMJ-H . (16)
7=1

Definition 15 (Orthogonal complement). Let H be an inner product space. If A is
a subset of H, then the set A~ = {u € H : (n,v) = 0 forevery v € A} is called the



orthogonal complement of A.
The notation # L A is often used if (#,v) = 0 for every v € A.
In the following string of propositions, let /7 be an inner product space.

Proposition 6. We have {0} = H and H+ = {0}, i.¢., 0 is the only element orthogonal
to every element.

Proof. For every u € H we have (#,0) = 0, therefore {O}J‘ =H. If u #0, then
(n,u) #0,ie., u is not orthogonal to H; hence Ht = {0}. O]

Proposition 7. For cvery subset A of H, the set At is a dosed subspace of H.

Proof. If u,v €Al and a, b €T, then for all w € A, we have
(an+bv,w)=a(u,w)+ b(v,w) =0, (17)

and therefore ax + bv € At is a subspace.

To show that A is closed, let # € AL, and let (1,,) be a sequence in A+ such that
lim#,, = u. For every w € A, Proposition 3 gives us

(u,v) =lim(u,,v) =0, (18)
and # € AL. AL is closed. OJ
Proposition 8. A C B implies B LAt

Proof. If u € B~, we have (#,v) =0 for every v € B. However, since A C B, we also
have (#,v) = 0 for every v € A, and we have eAl. O

Proposition 9. We have A+ = span At = spanAL.

- —_—
Proof. Since A C spanA C span A, from Proposition 8 we have spanA™ C span A+ C
At
If u € AL, then (,w,=)0 for all w € A, and therefore w € spanA. If w € span4,
then there exists a sequence (w,,) in spanA such that lim w, = w, and consequently,

(u,w) =lim({u,w,) =0, and hence # € spanA". O

We also want to state the projection theorem, but defer the proof.

Theorem s (Projection theorem). Let H be a Hilbert space, and let T be a closed
spbspace of H. Then we have T = T. Each u € H can be uniquely decomposed in the
formu=v+wwithveT andw e L.

The projection theorem has (among many others) the following two consequences.

Proposition 1o. Let H be a Hilbert space. For every subset A of H we have ALl =

spanA.



—1 —_— —Fl1
Proof. Since A+ =spanA_, the projection theorem shows that span A =spand~~ =
ALL O

Proposition 11. [n a Hilbert space H, we have Al = {0} if and only if A is rotal, i.e.,
At = (0} if and only if span A = H holds.

Proof. If A+ = {0}, then we have span A = A+ = {0}* = H. Conversely, if span A =
AL = H, then, since A~ is a closed subspace, we have AL =At— gl = {o}. O

If T} and T, are subspaces of a vector space such that 7, N7, = {0}, then T, @ T, =
{u+v:ueT,veT,}isadirect sum,ie. each element of T; @ T, has a unique
representation of the form # 4+ v with » € Ty and v € T,.

If 7, and T, are subspaces of an inner product space with 7} L T, then we have
T, N T, ={0}. In this case the direct sum 7} + T, is called an orthogonal sum and is
denoted by 7,&7T,.

Orthogonal sums have the following topological properties.

Proposition 12. Let H be an inner product space, and let T, and T, be orthogonal
subspaces. If T\ ®T, is closed, then T, and T, are closed.

The proof proceeds by choosing an element # € T, a sequence (#,,) in 7; that con-

verges to #, and using the fact that 7,87, is closed to show that x € I,.j=12

Proposition 13. If H is a Hilbert space and T, and T, are closed orthogonal subspaces,
then T\®T, is closed.

The proof proceeds by choosing an element w € T,&T), a sequence (#,, + v,,) in
T,&T, such that u, € T; and v, € T, and using the fact that 7 and 7, are closed to
show w € T,@T,.

1.4 Orthonormal Bases

Definition 16. Let (H, (:,-)) be an inner product space. A family M = {e, : a € A} of
clements from H s called an orthonormal system #f we have (e, e5) = 3, p.forevery
a, B €A where S, 5 the Kronecker delta.

Hence, in addition to being orthogonal, elements of an orthonormal system are
normalized, i.c., ||e|| = 1 for every e € M.

An orthonormal system is said to be linearly independent if each of its finite subsystems
is linearly independent.

Proposition 14. Each orthonormal system is linearly independent.

Proof. Let an orthonormal system be given; consider an arbitrary finite subsystem
{ey,...,e,} of the orthonormal system. This subsystem is also an orthonormal system.



Ifz;lzl aje; =0, then
n
2
Z“fef ‘

=1

2
0= => ’a]- (19)
j:l

follows from generalised Pythagoras’s theorem. However, since each |a]-| is non-

negative, the only possibility is a; = 0 for every ;.
Definition 17. Let H be a Hilbert space. An orthonormal system M is called an
orthonormal basis of H if M is total in H.

It follows from the above definition that an orthonormal system M is an orthonormal
basis of the Hilbert space if and only if H = span M.

An orthonormal system M is said to be maximal if for every orthonormal system M !
with M C M’, the relation M’ = M holds.

Proposition 1s. Each orthonormal basis is a maximal orthonormal system.
Proof. Let M be an orthonormal basis. Assume to the contrary that M is not maximal:

there exists an e € H such that e 1 M, which implies e | span M. This contradicts
spanM = H. [

Proposition 16. If H is a Hilbert space, then each maximal orthonormal system is an
orthonormal basis.

Proof. Let M be a maximal orthonormal system in H. If M were not an orthonormal
basis, i.e., if M were not total in H, there would exist an e € H such thate L span M
and ||e|| = 1. Hence, M’ = M U{e} would be a larger orthonormal system, contradict-
ing the maximality of M. ]

We now want to prove the Bessel inequality and Parseval identity for Hilbert spaces.
But first, we need the following result.

Forany » € H and A C H, the distance between # and A is defined as

d(u,A)=inf{d(u,w): w € A}. (20)

Lemma 1. Let H be an inner product space. If {e,...,e,} is a finite orthonormal
system in H, then for each w € H there exists a v € span(ey, ... e, ) such that ||u — v|| =
d(u,span(ey,...,e,)), and we have

v :Z(u,e]-)e]-. (21)



Proof. Forallcy,...,c, € F we have

2

n n
= (n=2 e =2 ¢¢;)
p n n . n 2
LR IR IS

n
" —Z%‘
j=1

j=1

which is minimized when ¢ = (u,e]-) for every j = 1,...,7n. Hence, we have v =
n —_
(u,e;)e; € span(ey,...e,) such that

j=1 7
d(u,span(e,,...,e,)) =||lu —2||. (23)
O

Theorem 6 (Bessel inequality). Let {e, : @ € A} be an orthonormal system in H and
let w € H. Then at most countably many of the numbers (u,e,) are non-zero, and we

have the Bessel inequality
] =D (. e,) . (24)
acA

Proof. For every finite set {a4,...,a,} C A we have

2

n n 2

Il = || =D e || + D (o) (25)
j=1 j=1

by Lemma 1. Hence

n 2
> fmes)| <l (26)
j:l

Since, the sum above is bounded above for every finite subset of A, it implies that the
sum 37, |(#,e,)|* converges, and the Bessel inequality follows.

Since, the summation is of non-negative real numbers and it converges, there are only
countably many a € A such that (#, e,) is non-zero. O

Theorem 7 (Parseval identity). An orthonormal system M = {e, : a € A} is a basis if
and only if for all w € H the Parseval identity

> =" |(n,e,) (27)
acA
holds. We also have

u= Z(u, e,)e,  foreveryu e H. (28)
acA

I0



Proof. If the Parseval identity holds for every # € H, then there is a sequence (;) of
elements of A for which (#,e,) # 0. Then, by Lemma 1 we have

2
n n 2
= (e e, || =IlnlP =3 |(me, )| - (29)
j=1 j=1
Due to Parseval identity, lim pI- |(n, ea]_)|2 = ||||*, and RHS of the above equation
goes to 0 as 7 — oco. Consequently, # € span M and

W= e, Je, =S e e (50

j=1 a€A
and we conclude that M is an orthonormal basis.

Conversely, assume that M is an orthonormal basis, H = span M. For every ¢ > 0 and
n € H,thereexistsn €N, ay,...,a, €Aand ¢y,...,c, € F such that

2

n
f—chea]_ <e. (31)
=1

From Bessel inequality and Lemma 1, it follows that

O < |l =D s e,)
a€A

n n

2
<JlulP = (e, )| = [l =D mes e,

j=1 j=1
2

and since € is arbitrary

[l =2 e) . (33)
a€cA

1.5 Existence of a Basis

We have seen some properties of orthonormal bases, but we still need to prove that a
basis exists for all inner product spaces or Hilbert spaces. For separable inner product
spaces, it is easy to show that an orthogonal basis exists. For non-separable spaces the
proof is a little harder and involves an invocation of choice (in the form of Zorn’s
lemma).

Theorem 8. Let H be a separable inner product space. If My, is a finite orthonormal
system in H, then there exists an orthonormal basis M in H such that M > M,

II



Proof. Let H be a non-trivial space, let My = {ey,...,e,} be a finite orthonormal
system. Since, [ is separable, there is a countable subset A = #,, : » € N dense in /.

Define the elements gy, g,,... inductively: let g; = f; , where j; is the smallest index
for which {e;,...,e,, f; } is linearly independent. If g, ..., g, are defined, let g, =
f/k+1’ where j, . ; is the smallest index for which {ey,...,e,, g;,..., &, ff/m} is linearly
independent.

With B ={ey,...,e,, gy, &>---} we have spanA C spanB; since A is dense, B is total.
To obtain an orthonormal basis M, we can apply Gram-Schmidt orthogonalization

to B; the first 7 elements of M will coincide with ey, ..., e, as these are already or-
thonormal. We have span M = span B = H. Hence M is an orthonormal basis with
MyC M. [l

Existence of an orthonormal basis for a separable inner product space follows directly
from Theorem 8 by taking M, = 0.

Theorem 9. A separable inner product space possesses an orthonormal basis.

The next result tells us that dimension of a finite-dimensional, inner product space is

well defined.

Theorem 10. Let H be a separable inner product space. H is m-dimensional (m < 00)
if and only if there exists an orthonormal basis containing m elements.

Proof. Let H be m-dimensional; assume that the maximal number of linearly inde-
pendent elements equals 72. As every orthonormal system is linearly independent
(Proposition 14), it consists of at most 7z elements. It M = {e;, ..., e} is an orthonor-
mal system with less than 7 elements, then dimspanM < dim H and there exists
an f € H such that {e,,...,e,, f} is linearly independent. Gram-Schmidt orthog-
onalization gives a system M’ = {ey,...,e;, €.} such that M C M’; M is not an
orthonormal basis. Each orthonormal basis must have exactly 7 elements. O

Now, we want an analogous result for infinite dimensional spaces.

Theorem 1. Let H be a separable inner product space. H is infinite dimensional if
and only if there exists an orthonormal basis with countably infinite elements. Each
orthonormal basis in H is countably infinite.

Proof. If H is infinite dimensional, then each basis must have at least countably
infinite elements, for otherwise H would be finite dimensional. It suffices to show
that every orthonormal basis M = {e, : @ € A} is countable.

Let N = {f, : n € N} be a countable dense subset. For each o € A there exists
an n(a) € N such that ||£,,) —e,|| < !/2. Because e, and ey are normalised and

orthogonal if & # 3, we have ea—eﬁH =lle,ll+ ||_eﬁH]1/2 =+/2and

Fuwr=Fupy|| Zee—es| == = les = Fuis |
>vV2—1>0  fora#p.

12



This implies that the mapping o — n(a) : A — N s injective; A is countable. [l

Proposition r7. An inner product space is separable if and only if it possesses a countable
orthonormal basis.

Proof. By Theorem 10-11, a separable inner product space possesses an at most count-
able orthonormal basis. Conversely, if M is a countable orthonormal basis in /, then
the span, M of finite linear combinations of elements of M with rational coeflicients
is dense in span M, and thus is also dense in /. As span, M is at most countable, H is

separable. O

We now proceed to prove a version of Theorem 8 for a general Hilbert space which
is not necessarily separable. For infinite dimensional space, the proof requires an
application of Zorn’s lemma, which we now state.

Theorem 12 (Zorn’s lemma). Suppose a partially ordered set P has the property that
every chain in P has an upper bound in P. Then the set P contains at least one maximal
element.

Now, on to the existence of a basis.

Theorem 13. Let H be a Hilbert space. If My is an orthonormal system, then there exists
an orthonormal basis M in H such that M D M,

We shall prove this result in a string of lemmas.

Lemma 2. Let M be the collection of all orthonormal systems which contain My M is
partially ordered by the inclusion “C’.

Proof. We have to show that the relation defined by inclusion is reflexive, antisymmet-
ric, and transitive. For every M € /4 we have M C M (reflexive). For M{,M, € M,
it M, ¢ M, and M, C M, then M, = M, (antisymmetric). It M,,M,,M; € M such
that M, C M, and M, C M, it follows that M, C M, (transitive). Hence, inclusion
induces a partial order on ./ . O

Lemma 3. If N isa chain in M, i.e, if N is a totally ordered subset of M, then N
has an upper bound.

Proof. For the upper bound M, we take the union of all N € .4". We have to show that
M e M ,ie., M isan orthonormal system. If #,, #, € M, then there exist M,, M, € N
such that #; € M, and u, € M,. Since ./ is totally ordered, either M, C M, or
M, C M, holds, i.e., either u,u, € M, or u,,u, € M,. Therefore u; L u,. ]

Proof of Theorem 13. Lemma 2-3 and Zorn’s lemma imply the existence of at least
one maximal element M, € M, such that for each M € / satistying M, C M,
we have M =M.

Finally, we have to show that M, . is an orthonormal basis. If span M, # H, then
by Proposition 11, there exists a # L spanM,, such that ||#|| = 1. In such a case
M, . U {n} would be an orthonormal system such that M, C M, U{x} and

13



M, # M, U{n}; a contradiction to the maximality of M,,,. The requirement
My C M, is satisfied by construction. ]

To end this section, we want to prove analogues of Theorems ro—11 for a Hilbert space
that is not necessarily separable.

Theorem 14. All orthonormal bases of a Hilbert space have the same cardinality.

Proof. Let M, and M, be orthonormal bases of H. If |M;| = m < oo (denote by |M|
the cardinality of M ), then by Proposition 17, H is separable and by Theorem 10 we
have dim H = |M,| = |M,| = m.

Now let M| be infinite. For each » € M}, let K(u) = {v € M, : (u,v) # 0}; by
arguments involved in the proof of the Bessel inequality (Theorem 6), K(#) is at most
countable. We claim that U, ¢y K(#) = M,, for otherwise v € M,\ U, ¢ K(#) would

imply v L M, therefore v = 0 as M is total. However, this is impossible, since all
elements of M, have unit norm. Consequently, it follows that

M, < > K ()] < M, ||IN] < M. (34)
ueM,

Completely analogously, switching the roles of M, and M, in the above construction

leads to |M,| < |M,|. Hence, |M,| = |M,|. O

Theorem 14 shows that the Hilbert space dimension, defined as the cardinality of
an orthonormal basis does not depend on the choice of orthonormal basis. Theo-
rem 10 shows that the Hilbert space dimension coincides with the algebraic dimension
(cardinality of a maximal linearly independent set) in case of finite-dimensional spaces.

1.6 Tensor Product of Hilbert Spaces

Let H, and H, be vector spaces over [F. Denote by F(H,, H,), the vector space of all
formal linear combinations of pairs (#,v) with » € H; and v € H,:

F(H,H,)= {ch(uj,vj) D¢ E]F,uj EHl,v]» €eH,j=1,...,n;n GN}
j:l

If we denote the pair (#,v) by # ® v, then F(H,, H,) consists of elements of the form
n
=1

forc; €F,u; € Hy,v; € H,. However, we cannot identify F(H;, H,) as the tensor
product space just yet. We want the symbol ® to behave like a “product”, i.e., it
should “distribute” over vector addition and “commute” with scalar multiplication.
In particular, foraj,bk eI uj € Hisv, € Hyandj=1,...,mk=1,...,m we
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should have
<Z“f”j>®<2bk’”/e>zzzdjbk " ® V). (36)
j:l k=1 ]
Hence, if we consider the subspace N of F(H,, H,) spanned by elements of the form

<Z”f”j>®<Zb/e‘vk>—zzajbk(%f®‘vk), (37)
f:1 k=1

defining the quotient space F(H,,H,)/N as the algebraic tensor product places LHS
and RHS of (36) in the same equivalence class. We denote F(H,,H,)/N by H, ® H,.

If we think of the vector space as an abelian group under addition, the quotient vector
space is identical to the quotient group, and elements whose difference is in N are put
in the same equivalence class.

The product H; x H, can be considered a subset of F(H,, H,), if we identify the pair
(#,v)as u ® v € F(H,,H,). In aslight abuse of notation, the equivalence class in
H, ® H, containing # ® v is also denoted by # ® v; these elements are called simple
tensors. A linear combination of simple tensors is zero if and only if it is a finite linear
combination of elements of the form

ST by @ 0) <Za]u]>®<§bkvk>. 68)

j=1k=1

If (H,,(,-);) and (H,, (-,*),) are Hilbert spaces over IF, then

n m n m
<ZCJ/'”§ ® V), > i ® ‘Uk> => Dl m)i(h o), (39)
J=1 k=1

defines a Hermitian sesquilinear form on H; ® H,. To show that (-,-) is an inner
product on H; ® H, it suffices to show that (#,#) > 0 holds for all non-zero f €

H @ H,. Letu =377 cju; ®; # 0. If {¢;} and {e, } are orthonormal bases of

span(#y,...,u,)and span(vy,..., vn) respectively, then
u:ZZch(ul-,ek)(fvj,e;)ek®e;:chlek@)ell, (40)
j kI k,l
where ¢ =37 ¢;(u;,¢;) (v}, €)) and thus

u)=>lcg[*>0. (41)
£l

Therefore, (H; ® H,, (-,-)) is an inner product space. The completion of this inner
product space is denoted /| ®H, and is called the (complete) tensor product of Hilbert
spaces H; and H,.
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Proposition 18. Let H, and H, be inner product spaces. For subsets M, C H, and
M, C H), the relation span M, @ spanM, = span{u ® v : u € M,,v € M,} holds.

Proof. This follows from the definition of H; ® H,. Fora;,b, € F, u; € M;, and
vy, € M, elements of span M, ® span M, are of the form 3-;a,4; ® >3, by, v, which
denote the same conjugacy class as >3 , a; b, (#; ® vy ), which is precisely the form of
elements in span{x @ v: u € M,,v € M,}. [l

Now, we want to prove some results about the orthonormal basis of the tensor product
space.

Theorem 1s. Let Hy and H, be Hilbert spaces. If M, and M, are total subsets of H;
and H, respectively, then the set {n ® v : u € My, v € M,)} is total in H,®H,.

Proof. Let 20 #;®v; € H ®H, and € > 0 be given. As spans of M, and M,

are dense in H, and H, respectively, for every j = 1,...,n there exist elements #’ €

]
1] Al <

/
< €/2n and Hv]-—v].

spanM, and 7); € spanM, such that Hu] —u;
€/2n. We get

/ || / / /
H”f ®vj—u;®v;|| = H(”J‘_”j)‘g’”f +”f®(”f_”f)H

< H(u] —u]/»)®v]-” + Hu]/ ®(v; —v]/)H
<é€/n,

and therefore

n n
2. ®v— > 1 ®v| <e. (42)
=1 =1
As 3 u]’ X fv]'. € spanM, @ spanM, = span{u @ v : u € M;,v € M,}, we have
shown that 37, #; ® f; is a limit point of span{u @ v : u € M, v EM%}, and{#®v:
neM,veM,}istotal in H ® H,. Since H; ® H, is dense in H,®H,, the result
follows. [l

The next theorem gives an explicit orthonormal basis of H,&H,.

Theorem 16. Let Hy and H, be Hilbert spaces. If {e, : a € A} and {fg : € B}
are orthonormal bases of H, and H, respectively, then {e, ® fg: a €A, € B} isan
orthonormal basis of H,®H,.

Proof. By Theorem 15 the set {e, ®fﬂ :a €A, B € B} is total in H;®H,. In addition,

we have

(ea ®f,3’ea’ ®fﬁ’> = <ea’ea’><fﬂ’f,3’) = 80“1/3[3/3/, (43)
ie., {e, ®f/3 :a €A, B € B} is an orthonormal system. Since it is also total, it is an
orthonormal basis. ]
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2 Representations of s((2,C)

We briefly review the notion of a Lie algebra.

2.1 Lie Algebras

Definition 18 (Lic algebra). A finite-dimensional real or complex Lie algebra is a
finite-dimensional real or complex vector space §, with a map [-,-] from g x g into g
with the following properties

L [+-] s bilinear,

2. [ )isantisymmetric: [X,Y | =—[Y, X ] forall X,Y € g.

3. Jacobiidentity bolds: [ X,[Y,Z|+[Y,[Z, X )+[Z,[X,Y]]=0forall X,Y,Z €

g.

The map [-,-] is known as the bracker on g.
Definition 19 (Lie algebra homomorphism/isomorphism). If g and b are Lie algebras,
then a linear map ¢ : g — b is called a Lie algebra homomorphism 7 ¢([X,Y]) =

[¢(X), p(Y)] for all X,Y € g. If, in addition, ¢ is one-to-one and onto, then ¢ is
called a Lie algebra isomorphism.

We can also define direct sum of two Lie algebras.

Definition 20 (Direct sum of Lie algebras). If'g, and g, are Lie algebras, the direct
sum of gy and g, is the vector space dirvect sum of §, and §,, with bracket given by
[(X1,X,), (Y1, Yo)] = ([X, Y1).[X,, Y3)) for Xy, Yy € gy and X5, Y, € g,

If g is a Lie algebra and g, and g, are subalgebras, we say that g decomposes as the Lie
algebra direct sum of g, and g, as vector spaces and [ X, X,] =0 forall X; € g; and
X, €9,.

Each matrix Lie group can be associated to a Lie algebra by the exponential map.
Many questions about representations of groups can be transferred to a Lie algebra
which, as it is a linear space, can be studied using linear algebra.

Definition 21 (Matrix exponential). If X isan n x n matrix, we define the exponential
of X, denoted eX or exp X, by the usual power series

X = f: s (44)

1’
m=0 me.

where X° :=1.

Using properties of operator norm on the space of all finite-dimensional linear opera-

tors we have
x [ee] Xm oo
ESN S REDY
m=0 m. m=1

and the series defining eX always converges. We shall need the following property of
the matrix exponential.

X m
| m”' < oo, (45)
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Lemma 4. ForanyX €M, (C), we have dete* = ¢TX

Definition 22. Let G be a matrix Lie group. The Lie algebra of G, denoted g, is the
set of all matrices X such that e'* € G for all real numbers t.

It is easy to see that the set of matrices defined as above is a vector space. It can also be
shown (using the Lie product formula) that g as defined above is closed under the
bracket defined by [X,Y]= XY —Y X, so that g is indeed an abstract Lie algebra as

defined at the beginning of this section.
We now give several examples of Lie algebras associated to matrix Lie groups.

Proposition 19. The Lie algebra of GL(n,F) is the space M (F) of all n x n matrices
over IF.

Lie algebra of GL(7,F) is denoted gl(7, IF).

Proof: If X € M,,(FF), then e'X is invertible with (!X )™ = =X hence X € gl(n,F).
With gl(n,F) C M,,(F), we have gl(n,F) =M, (F). O

Proposition 20. The Lie algebra of SL(n,IF) consists of n x n matrices over IF with
trace zero.
Lie algebra of SL(%,F) is denoted sl(7,IF).

Proof. If X € M, (IF) has trace zero, by Lemma 4, dete’® =1, showing that X €
sl(n,F). Conversely, if det e'X = etTrX — 1 forall r € R, then

TrX = %etTrX =0. (46)

t=0

]
Proposition 21. The Lie algebra of U(n) consists of all complex matrices satisfying
X =-X.
Lie algebra of U(7) is denoted u(#).
Proof. A matrix is unitary if and only if U* = U~!. Thus ¥ is unitary if and only if
(eX)* = e7tX, which holds if and only if X * = —X. ]
Combining the two results above, we can show that

Proposition 22. The Lie algebra of SU(n) consists of all complex matrices satisfying
X*=—XandTrX =0.

Lie algebra of SU(7) is denoted su(7).

If g is a finite-dimensional Lie algebra, there exists a finite basis X, ..., X, for g (asa
vector space). If we know the commutator brackets of basis elements with each other,
antisymmetry and bilinearity will allow us to compute any other bracket.
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2.2 Lie Algebra Representations
We now define representation of a Lie algebra.

Definition 23 (Representation of a Lie algebra). Let g be a Lie algebra, V be a real
or complex vector space. A representation of g on 'V is a Lie algebra homomorphism
m:g—gl(V).

Like in the case of groups, the representation is a linear action of the Lie algebra on
the vector space V.

The following theorem relates Lie group and Lie algebra homomorphisms. Note that,
the theorem actually tells us how to relate Lie group and Lie algebra representations.

Theorem r7. Let G and G be matrix Lie groups with Lie algebras g and b respectively.
Suppose that ® : G — H is a Lie group homomorphism, then there exists a unique
real-linear map ¢ : g — f b such that

B(eX) = X (47)

forall X € g. The map ¢ has the following additional properties:
I p(AXA™)=D(A)p(X)B(A) ", forall X € g, A€ G.
2 (X, Y)=[¢(X),(Y)]) forall X,Y €g.
3 H(X)= %@(efX)L_O forall X €.

With H =GL(V)and b = gl(V), the above theorem tells us that given a Lie group
representation IT: G — GL(V'), an associated representation of the Lie algebra g on

V is uniquely defined by 7(X) = d

EH(etX)L:o forevery X € g.

Definition 24 (Complexification). If'V is a finite dimensional real vector space,
then the complexification of 'V, denoted Vi, is the space of formal linear combinations
v, + 10, with vy, v, € V. V= becomes a real vector space in the obvious way and becomes
a complex vector space if we define i(v, +iv,) = —v, + iv;.

The following result states that the complexification of a real Lie algebra becomes a
complex Lie algebra.

Proposition 23. Let g be a finite-dimensional real Lie algebra and g be its complexi-
fication. Then the bracket operation on § has a unique extension to g that makes g
into a complex Lie algebra.

The complex Lie algebra g is called the complexification of the real Lie algebra g.
Furthermore, if g € M, (C), then the abstract complexification g is isomorphic to
the set of matrices in M, (C) that can be written X +:Y for X,Y € g. For example
let g = u(n). If X* = —X, then (:X)" = 1X. Thus X and X* cannot both be in
u(n). Furthermore, every X in M, (C) can be expressed as X = X, + :.X,, where X; =
(X—X*)/2and X, = (X +X")/2i are both in u(7). This shows thatu(z). = gl(», C).
For su(n)c, we have to take into account the extra requirement that TrX = 0 for
every X € su(n). By this, we have su(n)- = sl(n,C).
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The following result tells us how representations of a Lie algebra are related to its
complexification.

Proposition 24. Let g be a real Lie algebra and g its complexification. Every finite
dimensional representation 1 of § has a unique extension to a complex-linear represen-
tation of §c also denoted 1. Furthermore, v is irreducible as a representation of g if
and only if it is irreducible as a representation of g.

Finally, we state a result that gives a partial converse to Theorem 17.

Theorem 18. Let G and H be matrix Lie groups with Lie algebras g and f b respectively,
and let ¢ - g — b be a Lie algebra homomorphism. If G is simply connected, there exists
a unique Lie group homomorphism ® : G — H such that ®(eX) = e?X) for all X € g.

With H =GL(V) and h = gl(V'), the above theorem (along with Theorem 17) tells
us that there is a one-to-one correspondence between Lie group and Lie algebra
representations in case of a simply connected group.

Definition 25. Let g be a Lie algebra, and v, and 1, be representations of g acting on
Vi and V,. We define the direct sum of vy and m, acting on V, ® V, by

[7t1 @ 72(X) (v, v3) = (701(X ) vy, 72(X ) v3) (48)

forall X € g.

2.3 Tensor Product of s1(2, C) Representations

As we have seen already, s1(2,C) is the complexification of su(2); irreducible represen-
tations of s1(2, C) give unique irreducible representations of su(2). Moreover, since
SU(2) is simply connected, each Lie algebra representation gives rise to a unique group
representation.

We recall that sl(2,C) is the set of all traceless, complex matrices and choose the
following basis for it:

01 00 1 0
X:|:O O:|; Y:|:1 O:|; H:[o _1:|, (49)

which have the commutation relations

[H,X]:ZX, [H,Y]:—ZY, [X,Y]:H. (s0)

If V is a finite-dimensional complex vector space and A, B and C are operators on V
satisfying [A,B] = 2B, [A,C]=—2C, and [ B, C] = A, then because of antisymmetry
and bilinearity of brackets, the unique linear map 7 : s((2,C) — gl(V') given by

n(H)=A, n(X)=B, n(Y)=C (s1)

defines a representation of sl(2,C)

To classify all representations of s[(2, C), we need the following resul.
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Lemma s. Let u be an eigenvector of w(H) with eigenvalue a € C. Then we bhave
m(H)r(X)n = (a+2)m(X)u; (52)

thus, either 1(X)u = 0 or (X )u is an eigenvector of 7(H) with eigenvalue o + 2.
Similarly,
m(H)m(Y)u = (a —2)m(Y)u, (53)

so that either 77(Y )u = 0 or (Y )u is an eigenvector of w(H) with eigenvalue o — 2.

Proof. We have to use [n(H), n(X)] = n([H,X]) =2n(X):

Since, [7(H), n(Y)] = n([H,Y]) = —27(Y’), we similarly have

n(H)n(Y)u = n(Y)n(H)u +[n(H), 7(Y)]u
=n(Y)aun)—271(Y)u
=(a—2)(Y)u.

]

Theorem 19. For each integer m > 0, there is an irreducible complex representation of
sl(2,C) with dimension m + 1. Any two irreducible complex representations of s(2,C)
with the same dimension are isomorphic.

Proof. Let 7t be an irreducible representation of 5{(2, C) acting on a finite dimensional
complex vector space V. Since, we are working over C, the operator (/) must have
at least one eigenvector. Let w(H)u = au, for some non-zero » € V and a € C.

Repeatedly applying Lemma s yields
(H) (X ) u = (a + 2k) (X)) u. (54)

Since, the underlying space is finite dimensional, we can repeat the process only finitely
many times before we encounter 7(X )¥# = 0. Let N > 0 be such that 72(X)Nu #0
but 7(X)N+1y =0.

Set uy = 71(X)Nu and A = a + 2N, so that r(H)uy = Auy and 7(X)uy = 0. We now
want to lower the eigenvalue by repeated application of 72(Y); define u, = (Y )< u,
for £ > 0. By Lemma s, we have

r(H)uy, = n(H)m(Y )y = (A—2k) (Y ) 4 = (A— 2k )14 (s5)

By induction over k, we can prove that

(X )y = R A= (k= D]y (k>1). (56)
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It is easy to see for kb = 1:
m(X)uy = m(X) (Y )ug = (Y ) e(X g + re(H )1y = Ay (57)
Assuming the result for &, we have

(X )ty = w(X)(Y)up, = [2(Y)7e(X) + 7o(H) ]y
=k[A—(k—1)]n(Y)up_ +(A—2k)n,
— (b + 1Y A— k).

Finally, since 7z(H) can have only finitely many eigenvalues, the #;s cannot all be non-
zero. Hence, there must be a non-negative integer 7 such that #;, = 7(Y')* u, # 0 for
allk <m,butu,, =n(Y) " u,=0.

Since #,, | =0, we have 7t(X)u,,  ; = 0and so by (56),
0= (X )ty 1 = (m+ YA ). (59)

As m +1and u,, are non-zero, we must have A = m.

Thus, for every irreducible representation (7, V), there exists an integer 7 > 0 and
NON-Zero vectors #y, ..., #,, such that

w(H)uy =(m—2k)u,

u ifk<m
(V) = {OkJr1 ifk=m
k(m—(k—1))u,_, ifk>0

0 ik =0 (59)

ﬂ(X)Mk = {

Since the vectors u,, ..., #,, are eigenvectors for different eigenvalues, they must be
linearly independent. The (7 + 1)-dimensional span of #, ..., #,, is explicitly invari-
ant under 7t(H), 77(X) and 7(Y), and hence it is invariant under all of 51(2, C). Since
7 is irreducible by hypothesis, the entire space V must be spanned by «,,...,#,,;
particular, dimV =m + 1. ]

in

For every non-negative integer 72, we shall denote the associate irreducible representa-
tion as 7, which acts on the 7 + 1-dimensional space V,,,.

Since the element H = diag(1,—1) of s[(2,C) is in is5u(2), H is self-adjoint and so is
7(H). Hence, the eigenvectors of 7, (H) with distinct eigenvalues are orthogonal.

Definition 26. Let g be a Lie algebra and let v\ and v, be representations of g acting on
spaces Vy and V), respectively. Then the tensor product of 7, and r,, denoted 7w, ® m,,
is a representation of § acting on V| ® V, given by

(M1 @ my)(X) =y (X) @1 +1® my(X) (60)

forall X e g.
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If 7r; and 7, are irreducible representations of g, then 7; ® 7, is typically not irre-
ducible when viewed as a representation of g. In this final result, we shall attempt to
decompose tensor product representations of sl(2, C) as a direct sum of irreducible
representations.

Theorem 20. Let m and n be non-negative integers with m > n, and (r,,,V,,) and
(7,, V) be irreducible representations of s\(2,C) as seen in Theorem 19. If we consider
T, ® 7, as a representation of s\(2,C), then

Tm ® Ty = T mtn ® T tn—2 ®...0 T p—n+2 ® T n—n> (61)
where = denotes an isomorphism of s\(2,C) representations.

Proof. We know that the eigenvectors of 7t(H) form a basis for the irreducible repre-
sentation space. Let us choose a basis #,,,#,, ,,...,u_,, forV, andv,,v, ,,...,v_,

for V,, with rt,,(H)u; = ju; and 7 ,(H)v}, = kv,. By Theorem 16, #; ® v, formsa
basis for V,, ® V, and

[, (H)®I+1®m,(H)]u;®v, =(j +k)u; ®vy. (62)

Hence, each basis element is an eigenvector for 7, ® 7,(H). Thus, the eigenvalues
of 7, ® m,(H) range from m + n to —(m + n) in increments of 2.

The eigenspace corresponding to eigenvalue 7 + 7 is one dimensional, spanned by
u,,®v,. If n > 0, the eigenspace corresponding to eigenvalue 7247 —2 has dimension
2,andis spanned by #,, ,®wv, and #,,®v,_,. Each time the eigenvalue of 77, ® 77, (H)
is decreased by 2, the dimension of the eigenspace increases by 1 until we reach the
eigenvalue 7 — n, whose eigenspace is spanned by

Uyp—2n ®vn’um—2n+2®vn—2""’”m ®7)—n' (63)

This space has dimension 7 + 1. Further decreasing the eigenvalue in increments of 2,
leads to the dimension of representation remaining constant until we reach 7 — m,
after which dimensions begin decreasing by 1 until we reach the lowest eigenvalue
—m — n, for which the dimension is 1 and the eigenspace is spanned by #_,, ® v_,.

Consider now, the vector #,, ® v,, which is annihilated by 7,, ® 7,(X) and is an
eigenvector for A with eigenvalue 7 +7. Applying 7, ® 77, (Y') to #,, ® v, repeatedly
gives a chain of eigenvectors of 7, ® v, (H) with eigenvalues decreasing by 2 until
they reach —m — n. By the argument used in the proof of Theorem 19, the span W
of these vectors is invariant under sl(2, C), irreducible, and isomorphicto V, .

As the orthogonal complement of an invariant subspace is also invariant, W is also
invariant. Since W contains exactly one eigenvector corresponding to each eigenvalue,
dimension of each eigenspace in WL will be lowered by 1. In particular, 7 + » will
have no eigenvectors in W+ and the next largest eigenvalue is 7 + 7z — 2 which has
multiplicity 1 (unless 7 = 0). Thus, if we start with an eigenvector for 7,, ® 7, (H)
in W with eigenvalue 7 + # — 2, this will be annihilated by 7, ® 7, (X) and,
on repeated application of 77,, ® 7, (Y') generate an irreducible, invariant subspace
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isomorphicto V. _,.

We continue this process; choosing an eigenvector for the highest remaining eigenvalue
in the orthogonal complement of the sum of all invariant subspaces that have been
obtained in previous stages. Each such step reduces the dimension of each eigenspace
by 1, and reduces the largest remaining eigenvalue by 2. This process continues till
there is nothing left, which occurs after V,,_ . [

For example, the four dimensional representation 7r; ® 7r; decomposes as 7, @ 7y,
into a three dimensional and a one dimensional representation respectively.

In quantum mechanics, this computation is known as the addition of angular mo-
menta. In the above example, the tensor product 77; ® 7; stands in for the total
angular momentum of two “spin-1/2” particles. The decomposition 7, @ 7, tells us
that the result is a three dimensional (triplet) invariant subspace with “spin-1”, and a
one dimensional (singlet) invariant subspace with “spin-0”.
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